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Abstract 
In the first part of this paper, one-parameter polynomial interpolation kernels of the fifth and seventh order are 

described. After that, an Experiment, which was realized with the aim of determining the higher precision of the 
interpolation of sine signal, between the fifth and seventh order kernels, was described. The interpolation accuracy was 
analyzed using MSE. The optimal value of the kernel parameter is determined by minimizing the MSE. The results of the 
Experiment are presented using graphs and tables. At the end, a comparative analysis of the results was performed. 
Based on the analysis, a recommendation on which kernel should be used, was made. 
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1. INTRODUCTION 
   In order to increase the speed of the 
interpolation, as well as the precision of 
interpolation in digital signal processing and 
digital image processing, the convolutional 
interpolation is intensively used. Convolutional 
interpolation is performed using the 
interpolation kernel [1]. The ideal interpolation 
kernel is with form ( ) sinr x x xπ π=  (sinc 
function), where is x = -∞ to +∞. The spectral 
characteristic of the ideal interpolation kernel 
is a box function. In the practical realization of 
the ideal kernel, the basic problem is infinite 
length of the kernel. That is why there is a 
need to shorten the length of the interpolation 
kernel. Shortening the length of the kernel 
causes a deviation of the spectral characteristic 
in relation to the box function. The deviation 
manifests itself in the form of a ripple of the 
spectral characteristic in the pass-band and 
stop-band. As a consequence of the described 
characteristics of the physically realizable 
kernel, an increase in the interpolation error 
appears. That is why intensive work is being 
done on the construction of the interpolation 
kernel with finite length. The sinc function is 
approximated by polynomial functions of low 

order (n < 9). The implementation of the 
polynomial kernels enables lower numerical 
complexity of the interpolation algorithms, and 
thus, higher interpolation speed. In order to 
minimize the interpolation error, and adapt it 
to the specific signal being interpolated, the 
kernel is parameterized [2]. A one-parameter 
(1P), third-order polynomial interpolation 
kernel was described by Keys in paper [3]. 
After that, in the scientific literature, this 
kernel was called the 1P Keys kernel. By 
choosing the value of the kernel parameter, α, 
it is possible to minimize of the interpolation 
error. Therefore, optimization of the kernel 
parameter, αopt, was performed. Further 
scientific activities in the field of polynomial 
kernels went towards reducing of the 
interpolation error, by creating two-parameter 
(2P) Keys kernels [4]. For now, the highest 
precision of the interpolation of the audio 
signals (musical signals, speech signals,...) has 
been achieved using the three-parameter (3P) 
Keys kernel [5]. The polynomial 1P 
interpolation kernels of the fifth and seventh 
order are shown in [6]. 

In this paper, experimental results of 
interpolation precision, in the case of  
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implementation of the 1P interpolation 
polynomial kernels of the fifth and seventh 
order, are shown. An Experiment was carried 
out in which the Test signal Base was formed. 
The Test signals, of time sinusoidal form, 
based on mathematical definitions are created. 
Sine Test signals are created by superposition 
of the Sine signal with the basic, fundamental, 
frequency f0 and the sine signal with a 
frequency nf0 (n = 2, ..., 10). In this way, the 
Sine test signal has become harmonic, and thus 
it becomes a synthetic music signal. The Test 
signal Base is created from Sine test signals 
that correspond to musical signals G1 - G7. 
The precision of interpolation, using mean 
square interpolation error, MSE, was analyzed. 
The results are presented using tables and 
graphs. Finally, by applying a comparative 
analysis, the precision of interpolation of the 
1P kernels of the fifth and seventh order was 
evaluated. 

The further organization of this paper is as 
follows. In Section 2, 1P kernels of fifth and 
seventh order are described. Experimental 
results and comparative analysis of the results 
are presented in Section 3. Section 4 is the 
Conclusion. 

 
2. 1P INTERPOLATION KERNEL 

 

2.1 Fifth order 1P interpolation kernel 
 

The convolutional, 1P interpolation kernel of 
the fifth order, length L = 6, is defined in the 
paper [1]: 

 

( )
( )

( ) ( )

5 4

2

5 4

3 25

5 4 3

2

21 4510 18
16 16

1
58 1
2

5 4511 88
16 16

35270 10 392 1 2
2

265 15 66 5

14 78
2 3

216 297 162

0    

x x
x

x

x x

r x
x x x

x

x x x
x

x x

                   

α α

α

α α

α α

α α

α α α

α α α

   − − −   
    ≤
 + − + 
 

   − − −   
   

=  + − − − < ≤ 
 

+ − − −

− +
< ≤

− + −

,

,

,

   3x




















 >

(1) 

where α is the kernel parameter. 
 
 
 

2.2 Seventh order 1P interpolation kernel 
 

The convolutional, 1P interpolation kernel 
of the seventh order, length L = 8, is defined in 
the paper [1]: 
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The coefficients of the seventh order kernel 

are determined in accordance with the general 
conditions that apply to the interpolation 
kernel, which are defined in [1]: 
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where α is the kernel parameter. 
 

3. EXPERIMENTAL RESULTS AND 
ANALYSIS 

 
3.1 Experiment 
 
For the purpose of comparative analysis of 

the interpolation precision, when applying 
interpolation kernels of the fifth and seventh 
order, the Experiment was realized. 
Interpolation is applied over the mathematical 
Sine signals. The fundamental frequency of 
the Sine signals corresponds to the tones G1 - 
G7. The MSE was used as a measure of the 
interpolation precision. The kernels parameter 
α were optimized by minimizing the MSE 
( arg min( )opt MSE

α
α = ). By comparing 

min(MSE), the kernel with higher interpolation 
precision was determined. 

 
3.2 Base 
 
The Base is formed from mathematical Sine 

test signals. The sine test signal is defined by: 

( ) ( )0
1

sin 2
K

i
i

s t a if tπ
=

=∑                             (3) 

where f0 is the fundamental frequency, ai is the 
amplitude of the i-th harmonic, and K is the 
number of harmonics. The Sine Test signals 
are created with fundamental frequencies 
corresponding to music tones G1 (SinG1, f0  = 
49Hz), G2 (SinG2, f0 = 98Hz), G3 (SinG3, f0 = 
196Hz), G4 (SinG4, f0 = 392Hz), G5 (SinG5, 
f0 = 783.99Hz), G6 (SinG6, f0 = 1567.98Hz), 
G7 (SinG7, f0 = 3135.96Hz) with K = 10. The 
Sine Test signals are archived on the hard disk 
in the form of the wav files. Sine test signals, 
corresponding to tones G1 - G7, are shown in: 
a) time (figs. 1.a - 7.a) and b) spectral (figs. 
1.b - 7.b) domain. 
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Fig. 1. Sine test signal SinG1, (f0 = 49 Hz): a) 
time and b) spectral domain. 
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Fig. 2. Sine test signal SinG2, (f0 = 98 Hz): a) 
time and b) spectral domain. 
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Fig. 3. Sine test signal SinG3, (f0 = 196 Hz): a) 
time and b) spectral domain. 
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Fig. 4. Sine test signal SinG4, (f0 = 392 Hz): a) 
time and b) spectral domain. 
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Fig. 5. Sine test signal SinG5, (f0 = 783.99 Hz): 
a) time and b) spectral domain. 
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Fig. 6. Sine test signal SinG6, (f0 = 1567.98 
Hz): a) time and b) spectral domain. 
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Fig. 7. Sine test signal SinG7, (f0 = 3135.96 
Hz): a) time and b) spectral domain. 

 
3.3 Results 
 
The MSEmin and the optimal kernel 

parameters, αopt, for the interpolation kernel of 
the fifth and seventh order, are shown in Table 
1. In addition, Table 1 shows the mean of the 
optimal parameters αopt and the mean of the 
MSEmin, for both types of interpolation kernels. 
Graphs of MSE(α) are shown in: a) fig. 8 
(SinG1), b) fig. 9 (SinG2), c) fig. 10 (SinG3), 
d) fig. 11 (SinG4), e) fig. 12 (SinG5), f) fig. 13 
(SinG6), and g) fig. 14 (SynG7). 

 
Table 1. Optimal parameters αopt and MSEmin 

for fifth- and seventh-order interpolation kernels. 
 Fifth-order Seventh-order 
Ton αopt MSEmin αopt MSEmin SinG1 0.050 1.5991*10^-7 -0.001 2.8312*10^-7 
SinG2 0.070 1.8420*10^-5 -0.001 4.9448*10^-5 
SinG3 0.100 0.0097 -0.002 0.0096 
SinG4 -0.080 0.1519 0.002 0.1532 
SinG5 -0.230 0.0976 0.005 0.0976 
SinG6 0.080 0.1060 -0.002 0.1047 
SinG7 -0.470 0.0803 0.010 0.0863 
 

_ 5optα  min_ 5MSE  
_ 7optα  min_ 7MSE  

-0.0686 0.0636 0.0016 0.0645 
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Fig. 8. MSE(α) for interpolation kernels: a) fifth-
order and b) seventh-order, for SinG1 Test signal. 
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Fig. 9. MSE(α) for interpolation kernels: a) fifth-
order and b) seventh-order, for SinG2 Test signal. 

-0.3 -0.2 -0.1 0 0.1 0.2 0.3
0

0.02

0.04

0.06

0.08

0.1

0.12

M
SE

(
)

 
a) 

-0.01 -0.005 0 0.005 0.01
0

0.05

0.1

0.15

0.2

0.25

M
SE

(
)

 
b) 

Fig. 10. MSE(α) for interpolation kernels: a) fifth-
order and b) seventh-order, for SinG3 Test signal. 
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Fig. 11. MSE(α) for interpolation kernels: a) fifth-
order and b) seventh-order, for SinG4 Test signal. 
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Fig. 12. MSE(α) for interpolation kernels: a) fifth-
order and b) seventh-order, for SinG5 Test signal. 
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Fig. 13. MSE(α) for interpolation kernels: a) fifth-
order and b) seventh-order, for SinG6 Test signal. 
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Fig. 14. MSE(α) for interpolation kernels: a) fifth-
order and b) seventh-order, for SinG7 Test signal. 

 
3.4 Analysis of results 
 
Based on the results shown in Table 1 and 

figs. 8 - 14 it is concluded that: 
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a) the range of optimal values of the 
parameter α for the fifth-order kernel is αopt ∊ 
[-0.470, 0.100]. The mean value of the kernel 
parameter of the fifth order is _ 5optα  = -0.0686. 

b) the range of optimal values of the 
parameter α for the seventh-order kernel is αopt 
∊ [-0.002, 0.001]. The mean value of the 
kernel parameter of the fifth order is _ 7optα  = 
0.0016. 

c) the mean square error of the 1P 
interpolation seventh-order kernel compared to 
the mean square error of the 1P fifth-order 
kernel is MSE_7 / MSE_5 = 0.0645/0.0636 = 
1.014 times higher. 

Based on the comparative analysis of the 
mean square error for: a) the 1P interpolation 
fifth-order kernel and b) the 1P interpolation 
seventh-order kernel, it is concluded that the1P 
interpolation fifth-order kernel is more 
accurate in relation to the 1P interpolation 
seventh-order kernel when interpolating Sine 
Test signals. 
 
4. CONCLUSION 

In this paper, a comparative analysis of 
interpolation precision, in the interpolation of 
the Sine Test signal, using the 1P interpolation 
fifth-order and seventh-order kernels, was 
performed. Higher precision of interpolation 
was achieved by using the fifth-order 
interpolation kernel. In contrast to interpolation 
with Audio signals (Test signals were recorded 
at a concert piano), where the seventh-order 
kernel showed higher precision in relation to 
the fifth-order kernel, in the case of Sine signal 
interpolation, the seventh-order kernel showed 
lower precision. The explanation for the greater 

precision of the fifth-order kernel should be 
sought in the mathematical definition of the 
Sine test signal, which has a stronger 
autocorrelation. 
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